It is well-known that the minimum number of vertices for a triangle-free 4-chromatic graph is 11, and the Grötzsch graph is just such a graph. In this paper, we show that every non-bipartite triangle-free graph G of order not greater than 10 has χ l (G) = 3. Combined with a known result by Hanson et al. [D. Hanson, G. MacGillivray, B. Toft, Choosability of bipartite graphs, Ars Combin. 44 (1996) 183-192] that every bipartite graph of order not greater than 13 is 3-choosable, we conclude that the minimum number of vertices for a triangle-free graph with χ l (G) = 4 is also 11.
Introduction
We consider only finite, undirected graphs without loops and parallel edges. If vertices u and v are connected in graph G, the distance between u and v in G, denoted by d G (u, v), is the length of a shortest (u, v)-path in G. A graph is maximal triangle-free if it contains no triangles but joining any two non-adjacent vertices by an edge creates a triangle. Note that a triangle-free graph of order greater than 3 is maximal if and only if it has diameter two. Suppose that each vertex v is assigned a list L(v) of possible colors, called a list assignment for G. We say G is L-colorable if a proper vertex-coloring c can be found such that c(v) ∈ L(v) for all v ∈ V , and c is said to be an L-coloring of G. Let f be a function f : V (G) → N , the set of natural numbers. The graph G is f -choosable if G is L-colorable for every list assignment L of G with |L(v)| ≥ f (v). The graph is k-choosable if it is f -choosable for the constant function f (v) = k. The list chromatic number χ l (G) is the smallest k for which G is k-choosable. Clearly, every k-choosable graph is k-colorable. Thus, the chromatic number of G, χ (G) is a trivial lower bound of χ l (G). Recall that the coloring number col(G) of G is the smallest k + 1 such that G is k-degenerate; that is, every nonempty subgraph G of G has a vertex of degree at most k in G . It is well-known that χ l (G) ≤ col(G) for any graph G (see [8] ). The problem of determining the list chromatic number of a given graph is difficult, even for small graphs with a simple structure. More formally, it is shown [4] that the problem of deciding whether a given planar triangle-free graph is 3-choosable is NP-hard.
Let n(k) and n l (k) denote the smallest possible numbers of vertices for a triangle-free graph with χ (G) = k and χ l (G) = k, respectively. Since χ (G) ≤ χ l (G) for any graph G, we have n l (k) ≤ n(k). Mycielski's [7] construction shows that n(k) ≤ 3 × 2 k−2 − 1. For k = 2, 3, 4, in fact the equality holds: n(2) = 2, n(3) = 5 and n(4) = 11. With the aid of computer searching, Jensen and Royle [6] found that n(5) = 22. The value n(k) has not been known for k ≥ 6. It is trivial to check that n l (2) = 2 and n l (3) = 5, too. The main purpose of this paper is to show that n l (4) = 11. Theorem 1.1. Every non-bipartite triangle-free graph G of order ≤ 10 has χ l (G) = 3.
The result is best possible in a sense that the Grötzsch graph G (see Fig. 1 ) is a triangle-free graph of order 11, and is not 3-choosable since it is 4-chromatic. On the other hand, it is 3-degenerate, so χ l (G) ≤ 4. By Theorem 1.1 and the result of Hanson et al. [5] that every bipartite graph with order not greater than 13 is 3-choosable, we have Corollary 1.2. The minimum number of vertices for a triangle-free graph G with χ l (G) = 4 is 11.
Proof of Theorem 1.1. Suppose G is a counterexample with minimum order n. We may assume that G is a maximal triangle-free graph. Then δ(G) ≥ 3. If n < 10, then we obtain a graph G * from G by adding a new vertex v * and joining it to every neighbor of a fixed vertex v of G. Note that δ(G * ) ≥ 3, and is also maximal triangle-free. Since G is a subgraph of G * , we have χ l (G * ) ≥ χ l (G) > 3, and G * is also a counterexample with greater order. So, there must exist a maximal triangle-free graph of order 10 with minimum degree δ ≥ 3 and the list chromatic number χ l > 3. However, this is impossible since the following theorem is true. Theorem 1.3. Every non-bipartite maximal triangle-free graph with order 10 and minimum degree at least 3 is 3-choosable.
The proof of Theorem 1.3 will be given in Section 3.
Structure of maximal triangle-free graphs
is also an edge of H , where σ needs neither be injective nor surjective. Let us denote by G → H the meaning that G is homomorphic to H . Note that G is k-colorable if and only if G → K k . We write G ∼ = H if the two graphs G and H are isomorphic.
The following special class of maximal triangle-free graphs plays an important role in the investigation on dense triangle-free graphs, see [1] . For an integer k ∈ N , the graph F k has V (F k ) = {v 1 , v 2 , . . . , v 3k−1 }, and v i v j ∈ E(F k ) if and only if |i − j| ≡ 1 (mod 3). So F 1 = K 2 , F 2 = C 5 and F 3 is the Möbius ladder as illustrated in Fig. 2 .
The four triangle-free graphs in Fig. 3 are also useful. H 10 , H 10 − v and H 10 /e denote the Petersen graph, Petersen graph with one vertex deleted, and Petersen graph with one edge contracted respectively. In the proof of Corollary 2.2 in the next section, we shall see that H 10 /e is the unique maximal triangle-free graph with order 9 containing H 10 − v, and that H 10 and H 10 are the only two maximal triangle-free graphs with order 10 that contain H 10 − v as a subgraph, but are not homomorphic to H 10 /e. Proof. Assume that G is a graph satisfying all the hypotheses above and is not homomorphic to any of 
By δ(G) ≥ 3 and G is maximal triangle-free, N G (v 10 ) must be a maximal independent set of G containing v 5 . Thus, by the symmetry of H 10 − v, there are two possible cases:
However, in any case, G is not maximal triangle-free since d G (v 5 , v 9 ) = 3 in the former case and d G (v 1 , v 5 ) = 3 in the latter one, a contradiction. This completes the proof.
Let H be a graph of order m. Label the vertices of H as v 1 , v 2 , . . . , v m , and let n 1 , n 2 , . . . , n m be positive integers. We construct a graph G by the following way:
We denote such a graph G by H (n 1 , n 2 , . . . , n m ) and call it an H -type graph. Note that if H is a maximal triangle-free graph, so is an H -type graph G.
In the following, we label the vertices in V i of H (n 1 , n 2 , . . . , n m ) as v i1 , v i2 , . . . , v in i for i = 1, 2, . . . , m. Particularly, if n i = 1 for some i, then let {v i } = V i for simplicity. Lemma 2.3. Let G and H be two maximal triangle-free graphs. If there is a surjective homomorphism σ from G to H , then G is an H -type graph.
. Now we will prove that every two vertices in V i and V j are adjacent in G, and so G is H -type. In fact, suppose there are two vertices x ∈ V i and y ∈ V j such that x y ∈ E(G). Since G is maximal triangle-free, we have d G (x, y) = 2 and let w ∈ V k , k = i, j, be a common neighbor of x and y in G. By
Proof of Theorem 1.3
We begin with a few well-known results on list coloring. A characterization of all 2-choosable graphs is given in [2] . If G is a connected graph, the core of G is the graph obtained from G by repeatedly deleting vertices of degree 1 until there is no such vertex.
Theorem 3.1 (Erdös et al. [2] ). A graph is 2-choosable if and only if the core of each of its connected components is either a single vertex, or an even cycle, or a graph consisting of two vertices with three even internally disjoint paths between them, where at least two of the paths have length exactly 2. 
. If G has a block that is neither a clique nor an odd cycle, then G is f -choosable. [3] ). Let G be the graph K 3,3 and L a list assignment on its vertices such that
Lemma 3.3 (Gravier and Maffray
We frequently use two simple lemmas whose proofs need a definition. Let S be a family of sets
For the complete bipartite graph K m,n with a list assignment L, let A L and B L be the two families of lists assigned to the vertices in its two bipartition. Then it is easy to see that K m,n is L-colorable if and only if A L and B L have some disjoint transversal.
Proof. If L(u 1 ) ∩ L(u 2 ) = φ, then c ∈ L(u 1 ) ∩ L(u 2 ) is as we required. We now assume that L(u 1 ) ∩ L(u 2 ) = φ. Setting A L = {L(u 1 ), L(u 2 )} and B L = {L(v 1 ) . . . , L(v n )}, then it suffices to show that A L has a transversal T that is not contained in each L(v j ) of B L . Since L(u 1 ) ∩ L(u 2 ) = φ, each transversal T of A L has |T | = 2, and there are 9 different transversals of A L . However, note that every L(v i ) contains at most two transversals of A L , and therefore they contains at most 8 transversals of A L in all. So, there is a transversal of A L that is not contained in each L(v j ) of B L .
The following result is immediate from the proof of Lemma 3.4. Note that G ∼ = C 6 , and |L (v)| ≥ 2 for all v ∈ V (G ). By Theorem 3.1, G is L -colorable, and so G is L-colorable. The remaining part of proof is rather long and so is broken into three lemmas. In the following, we will use the notation mentioned above Lemma 2.3.
Lemma 3.6. If G → C 5 , then G is 3-choosable.
Proof. Since G is a non-bipartite maximal triangle-free graph, the homomorphism from G to C 5 is surjective. By Lemma 2.3, G is C 5 -type, thus G ∼ = C 5 (n 1 , . . . , n 5 ), where n 1 + · · · + n 5 = 10. Since δ(G) ≥ 3, n i−1 + n i+1 ≥ 3 for each i = 1, 2, . . . , 5, where i − 1, i + 1 are taken modulo 5. So it is not difficult to see that G is isomorphic to one of C 5 (1, 1, 3, 2, 3), C 5 (1, 1, 2, 2, 4), C 5 (1, 1, 2, 4, 2), C 5 (1, 1, 2, 3, 3), C 5 (1, 2, 3, 2, 2), C 5 (1, 3, 2, 2, 2) and C 5 (2, 2, 2, 2, 2). Next we will prove G is L-colorable for any 3-list assignment L of G.
(1) Let G = C 5 (1, 1, 3, 2, 3 ). First assign a color c i ∈ L(v i ) to v i for i = 1, 2 such that c 1 = c 2 . Let G = G − {v 1 , v 2 } and L be its list assignment with
G is L -colorable by Lemma 3.5. Thus one can obtain an L-coloring of G.
(2) By the similar proof as in (1), one can prove G is also 3-choosable if G = C 5 (1, 1, 2, 2, 4) , so we omit it.
(3) G = C 5 (1, 1, 2, 4, 2) . By Lemma 3.4, we can assign a color c 3i ∈ L(v 3i ) to v 3i for i = 1, 2 such that |L(v)\{c 31 , c 32 }| ≥ 2 for all v ∈ V 4 , and then color v 2 by c 2 ∈ L(v 2 )\{c 31 , c 32 }. Setting G = G[V 1 ∪V 5 ∪V 4 ] ∼ = K 2,5 , and let L be its list assignment with L ( 
Note that G ∼ = K 2,5 , and L satisfies the assumption of Lemma 3.5, so G is L -colorable, and thus G is L-colorable.
(6) G = C 5 (1, 3, 2, 2, 2). By Lemma 3.4, assign a color c 5i ∈ L(v 5i ) to v 5i for i = 1, 2 such that |L(v) \ {c 51 , c 52 }| ≥ 2 for all v ∈ V 4 , and then color v 1 by
for v ∈ V 2 . By Lemma 3.5, G is L -colorable, and thus G is L-colorable. Proof. By Lemma 3.6, we assume that G → F 3 and G → C 5 . Note that F 3 − v → C 5 for every vertex v ∈ V (F 3 ), so the homomorphism from G to F 3 is surjective. Since G is maximal triangle-free, by Lemma 2.3 it is an F 3 -type graph. By the symmetry of F 3 , G is isomorphic to one of the graphs in Fig. 4 , which are respectively F 3 (3, 1, 1, 1, 1, 1, 1, 1) , F 3 (2, 2, 1, 1, 1, 1, 1, 1) , F 3 (2, 1, 2, 1, 1, 1, 1, 1) , F 3 (2, 1, 1, 2, 1, 1, 1, 1 ) and F 3 (2, 1, 1, 1, 2, 1, 1, 1 ). Let L be any 3-list assignment of G.
(1) G = F 3 (3, 1, 1, 1, 1, 1, 1, 1) . By (2) G = F 3 (2, 2, 1, 1, 1, 1, 1, 1) . By Lemma 3.4, color v 1i by c 1i ∈ L(v 1i ) for i = 1, 2 such that |L(v 2 j ) \ {c 11 , c 12 }| ≥ 2 for j = 1, 2 and |L(v k ) \ {c 11 , c 12 }| ≥ 2 for k = 5, 8. We color the remaining vertices of G from their Proof. By Lemma 3.7, we assume that G → H 10 /e and G → F 3 . One can easily check that H 10 /e − v → F 3 for every vertex v ∈ V (H 10 /e), so the homomorphism from G to H 10 /e must be surjective. Since G is maximal trianglefree, by Lemma 2.3, it is an H 10 /e-type graph. By the symmetry of H 10 /e, G is isomorphic to one of the graphs in Fig. 5 , which are respectively H 10 /e (1, 1, . . . , 1, 2 ), H 10 /e(2, 1, 1, . . . , 1) and H 10 /e(1, 2, 1, . . . , 1).
(1) G = H 10 /e(1, 1, . . . , 1, 2). Let W = {v 1 , v 3 , v 5 , v 7 , v 91 , v 92 }. Since G[W ] ∼ = K 2,4 , by Lemma 3.4, we assign a color c 9i ∈ L(v 9i ) to v 9i for i = 1, 2 such that |L(v j )\{c 91 , c 92 }| ≥ 2 for each j = 1, 3, 5, 7. Let G = G −{v 91 , v 92 }, and L be its list assignment with L (v j ) = L(v j ) \ {c 91 , c 92 } for each j = 1, 3, 5, 7, and L (v) = L(v) for each remaining vertex v. Then by Theorem 3.2, G is L -colorable, and so G is L-colorable.
(2) G = H 10 /e(2, 1, 1, . . . , 1). Let W = {v 11 , v 12 , v 2 , v 8 }. We see that G[W ] ∼ = K 2,2 , then by Lemma 3.4, color v 1 j by c 1 j ∈ L(v 1 j ) for j = 1, 2 such that |L(v i ) \ {c 11 , c 12 }| ≥ 2 for i = 2, 8. Assign a color c 9 ∈ L(v 9 ) \ {c 11 , c 12 } to v 9 . Let G = G \ {v 11 , v 12 , v 9 } and L be its list assignment with L (v i ) = L(v i ) \ {c 11 , c 12 } for i = 2, 8, L (v i ) = L(v i ) \ {c 9 } for i = 3, 5, 7, and L (v i ) = L(v i ) for i = 4, 6. By Theorem 3.2, G is L -colorable, and G is L-colorable.
(3) G = H 10 /e (1, 2, 1, . . . , 1) . Assign a color c 2i ∈ L(v 2i ) to v 2i for i = 1, 2 such that |L(v j ) \ {c 21 , c 22 }| ≥ 2 for j = 1, 3, 6, and then color v 9 by c 9 ∈ L(v 9 ) such that |L(v 3 ) \ {c 21 , c 22 , c 9 }| ≥ 2, then color v 1 by 
